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1. Introduction

oo LT AWNDN

R R R P B
O VOV WRFr OO

Arteries are more than just passive tubes that blood flows through; they are highly

specialized, load-bearing structures that must adapt to a lifetime of constant cyclic
pressure. It is important to study arterial wall mechanics for a variety of reasons.
Holzapfel et al. argue that these mechanics may be involved in causing atherosclerosis,
suggesting that understanding them could help in developing life-saving treatments for

this widespread condition. There are also many other medical procedures, like

percutaneous transluminal angioplasty (Block, 1984), which rely on constitutive models of

arterial walls to study in depth.


https://www.zotero.org/google-docs/?XSFapg
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2. Structural Properties
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Figure 1: Structure of an artery{Updating}

The arterial wall is made up of three layers: the intima, media, and adventitia. The
intima is the innermost and thinnest layer. It is made up of a single layer of endothelial cells
onits innermost surface, supported by a basal membrane. In healthy arteries, the Intima is
so thin that it is mechanically negligible. However, the intima stiffens and thickens as
people get older, and some diseases, like atherosclerosis, involve changes in the

mechanical behavior of the intima, making it no longer negligible.

The middle layer of the arterial wall is appropriately named the media. This is the
most mechanically significant layer, made up of a complex network of smooth muscle cells,
porous elastic lamina, and collagen fibrils oriented and connected to form a fibrous helix.
This arrangement provides the media with high strength and load-bearing ability in the
longitudinal and circumferential directions. The media is separated from the intima and
adventitia by the internal and external elastic lamina. These layers are significant
structures in muscular arteries and are indistinguishable from the elastic lamina found

throughout the rest of the media in all other arteries.

The outermost layer is the adventitia, made up of collagen and elastin producing

fibroblasts and fibrocytes, ground substances, and thick bundles of collagen fibrils. The


https://www.zotero.org/google-docs/?4ZuUg8

collagen fibrils are arranged in a helical structure to reinforce the arterial wall. The
adventitia is less stiff than the media under low loads, but becomes much stiffer under

high loads. Its thickness is also highly dependent on the type of blood vessel.

3. Mechanical Behavior

The primary components that contribute to the mechanics of the arterial wall are
collagen, ground substance, elastin, and smooth muscle cells. Their contributions can be
divided into isotropic and anisotropic contributions. Collagen itself, and its orientation in
the arterial wall, are very anisotropic, and the model treats it as such. Ground substance is
isotropic and treated as such. However, the elastin is oriented anisotropically, but this
anisotropy is negligible compared to the collagen, so the model simplifies its contribution
to being isotropic. Smooth muscle cells are mechanically isotropic when the artery is
passive, but when actively contracting in vivo, they contribute significantly to anisotropy.
For this model, which focuses on passive in vitro blood vessels, the contribution of smooth

muscle cells is simplified to being isotropic.

In a healthy blood vessel, the arterial wall is incompressible and highly deformable.
While specific material properties may vary by type and location of blood vessel, the
general mechanics are the same. They experience a non-linear stress-strain response,
developing exponential stiffening at higher pressures from the straightening of collagen
fibers. The arterial wall is cylindrically orthotropic, due to the symmetrical distribution of
two helical collagen families wound in opposing directions within both the media and
adventitia. The arterial wall is viscoelastic, being closer to perfectly elastic closer to the
heart, and becoming more viscoelastic as you get further away from it. For the sake of
modeling, it can be treated as pseudoelastic, meaning it can be considered perfectly elastic
following pre-conditioning. The point to which the blood vessels are preconditioned
impacts the shape of the stable stress-strain curve. Loading past Point I, the(visco)elastic
limit, causes permanent deformation, leaving the vessel in a stretched state. This creates a
mechanical lag where additional expansion is required to re-straighten the collagen fibers

and initiate the exponential rise in stress. Viscoelasticity governs the vessel's



history-dependent behavior: it determines how much the curve shifts to reach a stable

state and how much permanent deformation occurs after overstretching beyond Point .

4. Theoretical Framework
4.1. Finite Hyperelasticity

Because arterial walls undergo large deformations and contain a fibrous network,
the mathematical conversion from deformation to hydrostatic pressure and deviatoric

stress must be formulated within a finite hyperelastic framework.

4.1.1. Large Deformation & Decoupling

Starting with the deformation gradient F(X) and the Jacobian J(X)= det(F), we can
find the purely distortional component of the deformation gradient, or the modified

deformation gradient F:
F = (J3D)F
From our deformation gradients, we can find the right and left Cauchy-Green

tensors C & b, Green-Lagrange strain tensor E, and their purely distortional components
CbFE

C=F'F=J5C, C=FTF

b=FF" = Jib, b=FF’
1 2= 1, 2
=5(C=1) = JSE+ (J5 — 1)

4.1.2. Hyperelastic Stress Response

Then, to describe the hyperelastic stress response caused by the collagen fibers, we
use a set of second-order tensors {A, | a =1, ..., n} and the Helmholtz free-energy function
separated into its volumetric and isochoric contributions U and &

V(E, A, ..., A) =U(J) +(E Ay, ..., A,)
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We can then use these to find the second Piola-Kirchhoff stress S, separated into

its volumetric component S, and distortional component S:

g _ oU(J) §_ aﬁ(E,Al, AL
S=8S,,+S vl = ToE T OE
And the Standard results:
oJ 1 aE _2 1~ =—1
— = — = [--CxC
o8~ 7¢ amd oE 7 Im3C@CT)

(where I, is the fourth-order identity tensor).

_ U
Combining these with the hydrostatic pressure equation: P = 5.7, we can get:

_ p o
- S=J 3Dev(—=
Sy = pJC! 58
1 elor
Now using the Deviatoric operator: Dev(e) = (o) — 3[(e) : C]C 1, and the
Cauchy stress tensor o = J 'FSF”, we can find the volumetric and distortional

components of the Cauchy stress:

o0
_ 7 = J 'dev(F=FT
0 = Oyol T 0 with Ovol — pI and g €U( E )

4.2. Basic Kinematics

GERHARD A. HOLZAPFEL ET AL.
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Figure 2: Diagram of the 3 artery configurations Q,, Q., Q, and their
geometry (Holzapfel et al.)

Based on experimental research, we can assume an artery is an incompressible,
thick-walled cylindrical tube. When in the load-free configuration Q,., the artery is still
stressed. For the artery to be stress-free, it must be cut down its length, where it opens
into a C-shaped configuration Q, known as the Reference configuration.

Position within Q,is represented by the polar coordinates (R, ©, Z) with the bounds

Ri<=R<=R,, 0<=0<=(21-0), 0<=Z<=L,
Where R; & R, are the inner and outer radius in the reference configuration Q,, a is the
opening angle, and L is the length of the artery in this configuration. y,.. is the deformation
that takes the artery configuration from the open unstressed Q,, to the closed but
unloaded Q.. %, is the deformation from the inflation, axial elongation, and torsion that
takes the artery from Q,..to the current configuration Q.

position in Q is represented by (r, 8, z), with the bounds:
r<=R<=r, 0<=0<=2m O<=z<=|

Where r;and r,are the inner and outer radii of the final configuration Q, and | is the length
of the artery in configuration Q.

¥ is the deformation from Quto Q, ie, 3 = %poXres
Based on the assumption that the artery is incomprehensible, we get the equation:

X = ré, + ré., where{€r, €0, €z} are the unit vectors of the cylindrical coordinate

systemof Q (r, 6, z) , with:

S Eitul - 0=k ¢
k)\z z, == @"‘Zz, Z:)\ZZ

Where kO is the deformation in the 8 direction from Qyto Q,.., and Z% isthe

8-deformation from Q,.. to Q. A: is the axial stretch of the artery, ¥ = 23—; and ® isthe
twist from torsion.

We can also introduce the values of Ar, Ao, and 7:

or R r 00  kr 00 @
= = No(R) =— YR)=r—=r—

AM(R) = —— = _rov_
(F) = 3R rkAs, RO© R,
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Ar is the principal stretch in the radial direction. If there is no twist, i.e., if ® = 0, g, and
A. are the principal stresses in the 8 and z directions respectively. 7 is the shear in the 8-z

plane. Because there is no change in volume, ArAgA. = 1

R;
It's also important for later that: " %I, where Aoi is g at the inner surface of

the artery.

We can then use these kinematics to create the deformation gradient:
F=F= (Ag)\z)_lér R Er+ M€y @ Fg + 7\, 69g @ E4

Where Er, Fo, E7 are the unit vectors of the polar coordinate system of Q,: (R, ©, Z).
Finally, we can use our deformation gradients and the equations from section 4.1.1

to find the Cauchy-Green tensors in polar coordinates:

C=C=M\\)2Er® Er + N\Eo ® Eo + N(1+ 7)) Ez ® Ez + Y\ \.(Eo ® Bz + Ez ® Eo),
b=b= (M) %6, @& + Noeg ® g+ A2(1 +72)é. @ E, + 7M. (6g @ &, + 6. @ &)

4.3. Equilibrium Equations

With no body forces, the equilibrium equation is; div(o) =0
Due to the geometry and constitutive symmetry of our arterial model, the equation
for Cauchy stress at the end of section 4.1 can be simplified to:

darr 4+ Orr — 006 —0

dr r

Assuming Orrlr=r, = 0 we can find that

Urr(g):/go(o—rr_OﬁG@

T,Tigggro

From this, we get the internal pressure Pi = —Orrlr=r;:
fo dr
Dbi = / (000 - Urr)?

Which gives us the axial force N and torional couple M;:

N = 27r/ o, rdr M, = 27r/ 0,12 dr

’


https://www.codecogs.com/eqnedit.php?latex=%5Clambda_r#0
https://www.codecogs.com/eqnedit.php?latex=%5CPhi%3D0#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_%5Ctheta#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_z#0
https://www.codecogs.com/eqnedit.php?latex=%5Cgamma#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_r%5Clambda_%5Ctheta%5Clambda_z%20%3D%201#0
https://www.codecogs.com/eqnedit.php?latex=r_i%3D%5Clambda_%7B%5Ctheta%20i%7D%5Cfrac%7BR_i%7D%7Bk%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_%7B%5Ctheta%20i%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_%5Ctheta#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BF%7D%3D%5Cmathbf%7B%5Cbar%7BF%7D%7D%3D%20(%5Clambda_%5Ctheta%20%5Clambda_z%20)%5E%7B-1%7D%20%5Chat%7Be_r%7D%20%5Cotimes%20%5Chat%7BE_R%7D%20%2B%20%5Clambda_%5Ctheta%20%5Chat%7Be_%5Ctheta%7D%20%5Cotimes%20%5Chat%7BE_%5CTheta%7D%20%2B%20%5Cgamma%20%5Clambda_z%20%5Chat%7Be_%5Ctheta%7D%20%5Cotimes%20%5Chat%7BE_Z%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7BE_R%7D%2C%20%5Chat%7BE_%5CTheta%7D%2C%20%5Chat%7BE_Z%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BC%7D%20%3D%20%5Cmathbf%7B%5Cbar%7BC%7D%7D%20%3D%20(%5Clambda_%5Ctheta%20%5Clambda_z)%5E%7B-2%7D%20%5Chat%7BE%7D_R%20%5Cotimes%20%5Chat%7BE%7D_R%20%2B%20%5Clambda%5E2_%5Ctheta%20%5Chat%7BE%7D_%5CTheta%20%5Cotimes%20%5Chat%7BE%7D_%5CTheta%20%2B%20%5Clambda%5E2_z%20(1%2B%5Cgamma%5E2)%20%5Chat%7BE%7D_Z%20%5Cotimes%20%5Chat%7BE%7D_Z%20%2B%20%5Cgamma%20%5Clambda_%5Ctheta%20%5Clambda_z%20(%5Chat%7BE%7D_%5CTheta%20%5Cotimes%20%5Chat%7BE%7D_Z%20%2B%20%5Chat%7BE%7D_Z%20%5Cotimes%20%5Chat%7BE%7D_%5CTheta)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7Bb%7D%20%3D%20%5Cmathbf%7B%5Cbar%7Bb%7D%7D%20%3D%20(%5Clambda_%5Ctheta%20%5Clambda_z)%5E%7B-2%7D%20%5Chat%7Be%7D_r%20%5Cotimes%20%5Chat%7Be%7D_r%20%2B%20%5Clambda%5E2_%5Ctheta%20%5Chat%7Be%7D_%5Ctheta%20%5Cotimes%20%5Chat%7Be%7D_%5Ctheta%20%2B%20%5Clambda%5E2_z%20(1%2B%5Cgamma%5E2)%20%5Chat%7Be%7D_z%20%5Cotimes%20%5Chat%7Be%7D_z%20%2B%20%5Cgamma%20%5Clambda_%5Ctheta%20%5Clambda_z%20(%5Chat%7Be%7D_%5Ctheta%20%5Cotimes%20%5Chat%7Be%7D_z%20%2B%20%5Chat%7Be%7D_z%20%5Cotimes%20%5Chat%7Be%7D_%5Ctheta)#0
https://www.codecogs.com/eqnedit.php?latex=div(%5Csigma)%3D0#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7Bd%5Csigma_%7Brr%7D%7D%7Bdr%7D%2B%5Cfrac%7B%5Csigma_%7Brr%7D-%5Csigma_%7B%5Ctheta%20%5Ctheta%7D%7D%7Br%7D%3D0#0
https://www.codecogs.com/eqnedit.php?latex=%5Csigma_%7Brr%7D%7C_%7Br%3Dr_o%7D%20%3D%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Csigma_%7Brr%7D(%5Cxi)%3D%5Cint_%5Cxi%5E%7Br_o%7D(%5Csigma_%7Brr%7D-%5Csigma_%7B%5Ctheta%20%5Ctheta%7D%5Cfrac%7Bdr%7D%7Br%7D#0
https://www.codecogs.com/eqnedit.php?latex=r_i%20%5Cle%20%5Cxi%20%5Cle%20r_o#0
https://www.codecogs.com/eqnedit.php?latex=p_i%3D-%5Csigma_%7Brr%7D%7C_%7Br%3Dr_i%7D#0
https://www.codecogs.com/eqnedit.php?latex=p_i%3D%5Cint_%7Br_i%7D%5E%7Br_o%7D(%5Csigma_%7B%5Ctheta%20%5Ctheta%7D-%5Csigma_%7Brr%7D)%5Cfrac%7Bdr%7D%7Br%7D#0
https://www.codecogs.com/eqnedit.php?latex=N%3D2%5Cpi%5Cint_%7Br_i%7D%5E%7Br_o%7D%5Csigma_%7Bzz%7Drdr#0
https://www.codecogs.com/eqnedit.php?latex=M_t%3D2%5Cpi%5Cint_%7Br_i%7D%5E%7Br_o%7D%5Csigma_%7B%5Ctheta%20z%7Dr%5E2dr#0

Which, for a thin-walled cylindrical tube with radius r and wall thickness h, can be

manipulated and simplified to

h
pi = oo M; = 27r*hoy., = mrh(20:. = ou),
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5. Constitutive Model
5.1. Model Theory

Because the predominant source of structure in both the media and adventitia
contains an isotropic matrix and 2 families of collagen fibers, arranged in symmetrical
spirals, this constitutive model uses the same strain-energy function for both layers, with

different material constants for each layer. The distortional component of the
strain-energy \If, is broken into its isotropic and anisotropic components:

U(C, a1, a02) = Viso(C) + Waniso(C, dor, doo)

Where @0i; ¢ = 1,2 are unit vectors pointing in the directions of the collagen fibers.
The structure tensors Ai, @ = 1, 2, are defined as Ai = Go; & Qo;, and used with the

unit vectors &Oi, and the distortional component of the right Cauchy-Green tensor (_], to

create the following 9 Invariants:

(€)= 51r(C)? ~ r(C)]  [(E) — det(C) = 1

(

4((_3,8_01) = (_3 . A1 ]5((_:,801) = (_32 . Al’ I_G(C,aog) = (_3 . AQ,
( C
(

C* : AQ, ]_8<C>ao1,aoz) = (ap1 - ag2)ao; - (_3302,

Because 13 & 19 are constants, they don’t contribute to how the strain energy

changes from deformation and can be eliminated. To prevent over-fitting, we reduce our
invariants further by removing the higher order invariants Is and I7. Additionally, It was
found that it was sufficiently accurate after reducing it to just ]1, the isotropic stretching

of the ground matrix for the isotropic component, and I, & ]6, which correspond to
stretching along the axes of the collagen fiber families, for the anisotropic component.
@<C> Ab A2) - qjiso<j1) + \Ijaniso(j47 jG)

Which, using the neo-Hookean equation for the isotropic component, gets us:

\Iliso(jl) — g(ll - 3)
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Because Collagen fibers become significantly stiffer at high pressure, an exponential
function should be used for the anisotropic component, with this model using the

following equation:

(I, Ig) = 2’“—]; > {explka(L; — 1)°] — 1}

i=4,6
Where k, is a stress-like material parameter, and k, is a dimensionless parameter. Both are
greater than O and are used to create the behavior that collagen fibers do not have a
significant impact at low pressure.

Using the Cauchy stress tensor equation from the end of section 4.1.2 Hyperelastic

Stress Reaction, and the above equations, we get the distortional component of the
Cauchy stress tensor o:
5 =cdev(b)+ > 2U;dev(d; ® d;)

i=4,6
Where @ is the direction of the collagen fibers in the final configuration Q, like ot s for
Q,and
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Figure 3: Material and Geometrical data for the carotid artery used in (Holzapfel et al.)
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The constitutive model is being tested with a healthy young arterial segment,
modeled as a 2-layer thick-walled tube, as the mechanical impact of the innermost layer is
negligible. The Model has 3 material parameters per layer giving 6 total:

Media: ¢,k m,Kom & adventitia: ¢,k akoa, With the ¢ constants corresponding to the
isotropic component, and the k constants, the anisotropic component. This gives us the

equations:

RiSRSRi+HM

U, = 2(11—3

2sz =N {explhaa(lia —1)% — 1}

1=4,6
R,+Hy <R<R,
By negating the negligible change in fiber angle 2 from reference configuration Q,

to the closed unloaded configuration Q,., we can get the equations
]4j:A1jZC and IGjZAQjZC, ]:M7A
Where Hy, is the reference thickness of the media. Then, to get the collagen direction unit

vectors, we use geometry and the fiber angle @ to get:

0 0
[dOIj] = | COS ﬁ] [dogj] = COS ﬁ]
sin f3; | —sin g | j=M,A

Which get plugged into:

Ay = ap1; ®d01j, Ay = ag; ®d02j, j=MA

And those get plugged back into our original equation.
However, the anisotropic component should only be included if

I_4j>10r]_6j>1,j:M;A
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6. COMSOL Modeling & Discussion

Fiber Layout in Load Free Configuration
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Figure 4: 3D model of the fiber layout in the media(red) and adventitia(blue) in the open
configuration with A= = 1.9 and p, = 160mmHg (21.3kPa)

Here we see the fiber directions of the media and adventitia, which follow similar
patterns, but with different B angles. These spiralling, criss-crossing collagen fibers
provide the majority of the strength for the arterial wall, and this arrangement is
responsible for the phenomenon we will see further into this section, where the arterial

walls have high stress in the circumferential and axial directions, while experiencing a

much smaller radial stress.
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p_i=160 mmHg, lambda_z=1.9 Radial Stress Distribution from Axial Stretching
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Figure 5: 3D heat map of the radial stress on the surfaces of the adventitia from axial

stretching of A- = 1.9, and p;=160 mmHg (21.3kPa)

Here, we can see how the radial stress is negative, as the blood pressure pushes
into the wall. The pressure gets distributed through the width of the arterial wall, as it

drops to 0 on the outer surface.
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Internal Pressure vs Inner Radius for Different Axial Stretch Ratios
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Figure 6: plot of the internal pressure (mmHg) vs inner radius for different stretch ratios,
both calculated by COMSOL using this constitutive model (lines) and measured

experimentally (circles)

Figure 6 provides strong evidence for the validity of this constitutive model, with
the experimental data lining up almost perfectly with the plots calculated by COMSOL
using this constitutive model. We also see the radius shrink as the arterial wall is stretched
axially, since arterial wall tissue is incompressible, so the stretching axially results in radial
compression. We also see this exponential behavior of significantly more pressure being
needed to increase the inner radius as the radius grows, due to the collagen fibers getting

stretched and becoming significantly stiffer as the arterial wall expands.
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Figure 7: Plot of the normal Cauchy stresses vs the position along the radius of the artery

with an axial stretch A = 1.7 and internal pressure of p, = 100mmHg (13.3kPa)

Here we see the impact of transitioning from the media, on the left with the lower
radius, which is significantly more stressed, to the adventitia as you get further out from
the center of the artery. We see that for the media, the circumferential/tangential stress is
the highest, which makes sense with the helical collagen fibers spiralling around the
artery, and then there is still some axial stress, which is also supported by the collagen
fibers as they are extended. However, when you transition from the media to the
adventitia, the circumferential stress drops significantly, and instead the axial stress goes
back up. We also see a sharp discontinuity from transitioning between 2 different sets of

material parameters for the same equations.

This lines up with Figure 17 from the original paper (pictured below), where the media (on
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the left) is able to hold its own shape due to its higher circumferential strength, whereas

the adventitia collapses because of its relatively low circumferential strength.

"k
Figure 17. Mechanical separation of the layers of a human external iliac artery into a stiff

media-intima tube (on the left-hand side) and a limp adventitia (from C. Schulze-Bauer, MD,
Computational Biomechanics, Graz University of Technology, Austria, with permission).
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Figure 8: Plot of the tangential Cauchy stress (746) by radial position with an axial stretch

of A. = 1.7 for various internal pressures

The trend of increasing circumferential stress at higher pressures makes complete

sense as the higher pressure pushes outward on the blood vessel, causing it to expand,


https://www.codecogs.com/eqnedit.php?latex=%5Csigma_%7B%5Ctheta%5Ctheta%7D%20#0
https://www.codecogs.com/eqnedit.php?latex=%5Clambda_z%20%3D%201.7#0

leading to both the larger radius values and creating high circumferential stress. The low,
but if you look closely, non-zero stress at no pressure also makes sense, as we have already
established the blood vessels are pre-loaded with stress, so with no pressure, they will

collapse to their much smaller no-load radius values, and still have a small amount of

stress.
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Figure 9: plot of radial Cauchy stress (9+r) vs radial position with an axial stretch of

A. = L.7 for various internal pressures.

Again, these results make complete sense, as higher pressure results in a force
pushing out on the blood vessels, resulting in a negative radial stress. However, the
stresses are significantly lower as the collagen fibers provide little to no benefit in this
direction. It also makes sense that the stress decreases as the radius increases, as the
force is distributed throughout the thickness of the blood vessel. Again, we also see the
small but non-zero stress of the unloaded state of the blood vessel, with no pressure

coming from the inside to push on the blood vessel, so the stress actually increases
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towards the center of the arterial wall, with the internal forces of the wall from being held

in its shape creating radial stress.

7. Conclusion

Based on these results, it is safe to say that the COMSOL implementation of the
HGO constitutive model successfully replicated the non-linear, anisotropic mechanical
response of arterial tissue. The model accurately represents many of the intricacies of
arterial wall tissues, with the differences between the media and the adventitia, the
specific behavior of the collagen fibers, and the slightly stressed no-load conditions of a

closed arterial wall.
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